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1 Ch. 11, §3, 5
Γ(1/2)Γ(4)

Γ(9/2)
=

Γ(1/2)Γ(4)

(7/2)(5/2)(3/2)(1/2)Γ(1/2)
=

253!

7(5)3
= 32/35 (1.1)

2 Ch. 11, §3, 11∫ ∞
0

x5e−x
2

dx =
1

2

∫ ∞
0

u2e−udu = Γ(3)/2 = 1 (2.1)

3 Ch. 11, §5, 5

Γ(1/2− n)Γ(1/2 + n) = Γ((1/2 + n))Γ(1− (1/2 + n)) =
π

sin(π(n+ 1/2))
= (−1)nπ (3.1)

z!(−z)! = Γ(z + 1)Γ(1− z) = zΓ(z)Γ(1− z) =
πz

sin(πz)
(3.2)

4 Ch. 11, §5, 6

dn

dpn
Γ(p) =

dn

dpn

∫ ∞
0

xp−1e−xdx (4.1)

=

∫ ∞
0

dn

dpn
e(p−1) log xe−xdx (4.2)

=

∫ ∞
0

(log x)ne(p−1) log xe−xdx (4.3)

=

∫ ∞
0

xp−1e−x(log x)ndx (4.4)

5 Ch. 11, §6, 1

B(p, q) =

∫ 1

0

xp−1(1− x)q−1dx = −
∫ 0

1

(1− y)p−1yq−1dy = B(q, p) (5.1)

1



6 Ch. 11, §10, 2

Γ(p, x) =

∫ ∞
x

tp−1e−tdt (6.1)

=
[
−tp−1e−t

]∞
x

+ (p− 1)

∫ ∞
x

tp−2e−tdt (6.2)

= xp−1e−x + (p− 1)xp−2e−x + (p− 1)(p− 2)xp−3e−x + · · · (6.3)

7 Ch. 11, §11, 5
√
nΓ(n+ 1) ∼

√
n
√

2πnnne−n =
√

2πnn+1e−n (7.1)

Γ(n+ 3/2) ∼
√

2π(n+ 1/2)(n+ 1/2)n+1/2e−n−1/2 (7.2)

=
√

2π(n+ 1/2)n+1e−n−1/2 (7.3)

⇒ lim
n→∞

Γ(n+ 3/2)√
nΓ(n+ 1)

= lim
n→∞

√
2π(n+ 1/2)n+1e−ne−1/2√

2πnn+1e−n
(7.4)

= lim
n→∞

e−1/2
nn+1

(
(1 + 1

2n )2n+2
)1/2

nn+1
(7.5)

= e−1/2e1/2 = 1 (7.6)

8 Ch. 11, §11, 10

lim
n→∞

(n!)1/n

n
= lim

n→∞

(
√

2πnnne−n)1/n

n
(8.1)

= lim
n→∞

(2πn)1/2nn

ne
(8.2)

= lim
n→∞

elog(n)/2n

e
= 1/e (8.3)

9 Ch. 11, §13, 3

lim
n→∞

nxB(x, n) = lim
n→∞

nxΓ(x)Γ(n)

Γ(n+ x)
(9.1)

= lim
n→∞

Γ(x)nx
√

2π(n− 1)n−1e−n+1

√
2π(x+ n− 1)x+n−1e−n−x+1

(9.2)

= lim
n→∞

Γ(x)exnx
nn−1(1− 1/n)n−1

nn+x−1(1 + (x− 1)/n)n+x−1 (9.3)

= lim
n→∞

Γ(x)
nxnn−1exe−1

nn+x−1ex−1
= Γ(x) (9.4)
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10 Ch. 11, §13, 4

∫ ∞
0

e−tdt

1 + xt
=

[
−e−t

1 + xt

]∞
0

−
∫ ∞
0

xe−tdt

(1 + xt)2
(10.1)

= 1 +

[
xe−t

(1 + xt)2

]∞
0

+

∫ ∞
0

2x2e−tdt

(1 + xt)3
(10.2)

= 1− x+

[
2x2e−t

(1 + xt)3

]∞
0

+

∫ ∞
0

6x3e−tdt

(1 + xt)4
(10.3)

=
∑

(−1)nn!xn (10.4)
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