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2.1 (a)cosz < cosz
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CoSz = i(ezz + efzz) — 5(6—12 +ezz) = coSZ

2.2 (b) sinz ~ sinz
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2.4 (d)
f2) =) anen =Y @z" =Y a,7" = f(3) (2.4)
n=0 n=0 n=0

2.5 (e)
Note that the series expansion of sinh z has only real coefficients. Therefore, sinh z = sinhZ. Since

the imaginary part of sinh(z) is (5¢) (sinh(z) — sinh(z)) = 1 (—isinh(z) + isinh(z)), —isinh(z) +

isinh(Z) is purely real. In this case, we simply have z =1 — i.

3 Branch Cut Problems
3.1

I think it’s helpful to first assign unique polar coordinates to points in the domain. Let’s choose
—31/2 < 6 < 7/2. (Of course, we could add any integer multiple of 27 to the bounds, so that this
is indeed a choice.) Now write the multivalued function and solve for the correct branch given the
constraint f(1) = 1:

f(Z) — T = Twew(i0+2ﬂiN)

1= f(l) _ e‘n’(O—‘rQ‘n'iN)

so N =0and f(z) =r"e™(® . So f(—1) = e™(-™ = =%,

3.2

This time let’s choose —7/2 < 6 < 37/2. Since the multivalued function and the constraint are

the same, by identical reasoning we get f(z) = r"e™(®) as before. But this time f(—1) = (™) =
2. 2.

e‘ﬂ' 3 # e—ﬂ' /L.

3.3
Let z +1 = e and 2z — 1 = r9¢"?2. Choose the domain to be —m < 61,6, < 7. The multivalued
17, ) 1
function f; is f1 = leeé(thJerN). Since f1(2) = /3, the correct branch is then f; = rfe%wl.
PR .
The multivalued function fy is fo = rZe2(@2+2miN) - Since f5(2) = 1, the correct branch is then

1 .
fo=r; e3%%2 Now we can calculate the limits on both sides of the branch cuts.

li = li = %e%t = 9;
A N By N = 2eE =2
li = li =273 = —9;
L fi(z2) Z—>(7"1:141,%1:—7r) fi(z) € v



lim  fo(z) = lim  fo(z) = V6e:' = V6i

z——b+ie z—(r2=6,00=m)
lim f2( ) = lim fo(2) = V6e 20 = —\/6i
z2——5— z—(ry=6,02=—m)

Consider defining the single valued function f(z) = /(2 +1)(z — 1) as f(z) = fi(2)f2(2) where

the branches of f; and f5 are the same as above, and the branch cut is then the union of the branch
cuts above, i.e., the real numbers less than or equal to 1. Since f; and fs are continuous on the
resulting domain, their product f(z) is also continuous. Question: Can we remove the branch cut
for real numbers less than -1?7 We can define f(z) along the real numbers less than -1 as the limit
as f(z) approaches these values. If this limit is well-defined (which we will check), then f(z) is
continuous on this set, too, and so we can remove the branch cut.

lim  f(z) = lm  \frired 002 — e — ey

z—rtie,x<—1 61,02—7

lim f(z)=lim . /riry e2i(01+62) _ Jrirze ™ = —\ /i3

z—r—ie,x<—1 61,00——m

These limits are the same so the limit is well-defined. Therefore, f(z) is a continuous, single-valued
function with a branch cut on the real numbers from -1 to 1.
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e* 4+ e ? e:v—i—iy =+ e—(z+iy)

coshz = 5 = 5 (4.1)
_ e (cos(y) +isin(y)) + e;”(cos(—y) + isin(—y)) (4.2)
_ €"(cos(y) +isin(y)) +2 e~ *(cos(y) — isin(y)) (4.3)
= cosly)(“EE) s (T ) (14)
= cos(y) cosh(x) + isin(y) sinh(z) (4.5)
=u = cosh(z)cos(y) (4.6)
= sinh(z) sin(y) (4.7
5 Ch. 14, §1, p. 667, 15

e = eF=¢" " =¢e"(cosy —isiny) (5.1)
u = e“cosy (5.2

= —e’siny
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Thus, the Cauchy-Riemann conditions are satisfied so f(z) is analytic.
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F(z) = vi+uj

V-F = 9,0+d,u=0
= 0,v = —0yu
VxF = (9yu-— ayv)f( =0
= 0,u = Oyv
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Viu = (02 + 83) coshycosx = —coshycosx + coshycosx =0

~ o~~~
QL = W N =
- L O = —



From the third problem we have that coshycosz = Recosh(y — iz). Thus, if f(z) = cosh(—iz) =
cosh(y — iz) then u = R[f(2)] and v = J[f(z)] = —sinhysinz. Also,

V20 = sinhysinx — sinh ysinz = 0

10 Ch. 14, §2, p. 674, 61

X
u(z,y) = m
22 +1y?) — 2(2z — 2iy)
(22 + y2)2
(iz +y)? B . -1
Wt iRl —wp T

Therefore, u is harmonic. Now find v using Cauchy-Riemann conditions:

(92 4 0))u = (0 +i0y) (0, — i0y)u = (9, + i0,) (

= (9, +1i0,) =2z +iy) *(1-1)=0

2xy

311) = —3yu = 7(1‘2 T y2)2

SO

U:m‘*‘g(w

where g is unknown. To find g, use the other condition:

Ozt = Oyv
2 .2 2_ .2
yP—x Y- ,

= +9'(y)
(2 +¢%)? (22 +9?)?

so g(y) is an arbitrary constant which we can set to zero. Now show that v is harmonic:

oz, y) = _ 7Yy
) $2+y2

(22 + y?)i + y(2x — 2iy) i(x —iy)?

(02 + 82)0 = (8, +i0,)(Ds — 10y)v = (D, + D,

= (9, +i0,)

($2 + y2)2

= iz +iy) (1 —-1)=
G = et i-1)=0

(z +iy)?(z — iy)?
= (9, +i0,)

Note: Prof. Marolf pointed out that it’s actually easier to find f and v by inspection. Consider,
for example, the following reasoning:

Re(f(e) = 5=



SO

z +ih(z,y)
f(2) = ——————
2Z
for some function i which we must determine. We know analytic functions are only functions of z,
not z, so if we choose h such that the numerator cancels the Z in the denominator, then f will be
analytic. Therefore, let h(x,y) = —y. Then,

-1y 1
f(z)— 2z z
and
1 1 T —1y —y
v(z,y) = Im <z) " (erzy) " (9:2 +y2) x? + y?
11

Now consider the function u(z,y) = 2% +y?. Is it the real part of an analytic function? (82+02)u =
242 # 0 so u is not the real part of an analytic function. This is, of course, just the contrapositive
of the statement “If u is the real part of an analytic function then « is harmonic.”
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We want to evaluate

2+1i00 ]

/ zedz (12.1)

2

Along this contour, z = 2 + iy, so dz = idy.

24100 ) oo ) )
/ ze*dz = / (2 +iy)e! G W idy (12.2)
2 0
= / (2ie*’e™¥ — e*'ye™Y) dy (12.3)
= [—2@'62’6_9}0 + [e%ye_y]o - 621/ e Ydy (12.4)
0

= 2ie” + [e¥e Y] (12.5
= (2 —1)e* (12.6)
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fc 2"~ 1dz = 0 by Cauchy’s Theorem when n > m since z* is analytic for o € N. Let z = €* so
that dz = ie'®dx = izdr and 2" """ ldz = 22727 dz = ie™Tem™%dy. If C is the circle |z]| = 1
then the range of our integral is 0 < x < 27 so we have that fo% einTeTIMmT gy — % fc 2"y = 0.

Note: The case n < m can be treated similarly by taking the conjugate of fo% einTeTIMmT gy,
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We know that f(z) is analytic in an open set containing |z| < 1, so we know fIZ\:l f(z)dz =0 by
Cauchy’s theorem. We can choose to parametrize the curve |z| = 1 by z = €%, § € [0,27). With
this parametrization, dz = ie*?df. Thus,

0

j|{|_1 f(z)dz = ” f(e®)ie?ds =0 (14.1)

Therefore, dividing by ¢, which does not effect analyticity, we find the integral we are looking for.



