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⇒
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∫ ∞
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(z − 2)(z − i− 1)(z + i− 1)
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res2 =
1

(1 − i)(1 + i)
= 1/2 (2.2)

res1+i =
1

(i − 1)2i
= (i − 1)/4 (2.3)

⇒
∫ ∞
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xdx

(x − 1)4 − 1
= 2πi(1/4 + (i− 1)/4) = −π/2 (2.4)

Note that we took 1
2 times the residue on the contour, according to the principal value convention.
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∮
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The function
√
z

(1+z)2 has second order branch points at 0 and ∞. We will take the branch cut to lie

along the positive real axis and consider a contour Γ which circles the complex plane at a radius R
along γR and dodges the branch cut, going in just below and out just above the positive real axis
along γin and γout, respectively, and circles the branch cut at a radius ǫ along γǫ (see figure 1). The
function also has a pole of order 2 at z = −1, which Γ encloses once. We can choose to parametrize
γout by z = t, 0 < t < R and γin by z = se2πi, where s ranges from R to 0.

γR
γǫ γout

γin

Figure 1: The contour Γ is composed of γR, γin, γout and γǫ in the complex z plane. The pole at
z = −1 is shown in red while the branch cut and branch point at 0 are shown in blue.
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We can use the same contour as in the previous problem (see figure 1) since we still have a branch
cut going from 0 to ∞ due to the log, and now there is a simple pole at z = −1. Again, we choose
the same parametrizations for γin and γout as in problem 1.
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0
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∫

γin

log zdz

z3/4(1 + z)
= −

∫ ∞
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res−1 =
log(−1)
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= π(1− i)/

√
2 (4.8)

J =
√
2π2i(1− i) = (1− e−3πi/2)I − 2πie−3πi/2

∫ ∞

0
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(4.9)

⇒ I = −π2
√
2 (4.10)

Note that the second integral can be evaluated using methods similar to the first integral.
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Consider the contour Γ described in the book, a rectangle of height π and running from −R to
R, where we will take R → ∞. The integrals along the ends are bounded above in magnitude by

Rπ
sinh(R) → 0 as R → ∞. Thus, we only need to consider the top and bottom of the rectangle. If we

parametrize the top integral by (x + πi), x ∈ (−R,R), we have
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∫ ∞
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∫ ∞
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∫ ∞
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⇒
∫ ∞
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Following the hint, we will differentiate problem 25 with respect to m.

PV

∫ ∞
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I =

∫ ∞
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We can use the same contour as in problem three (see figure 1) since we still have a branch cut
going from 0 to ∞ due to the

√
z and the log, and now there is a pole of order two at z = −1.

Again, we choose the same parametrizations for γin and γout as in problem 1.
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∫ ∞
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√
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res−1 = π/2− i (7.8)

⇒ J = iπ2 + 2π = 2I + iπ2 (7.9)

⇒ I = π (7.10)

8 New Problem

A

The numerator is always finite. So to find the singularities set the denominator to zero:

0 = 1 + ex+iy = 1 + ex(cos y + i sin y)
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Solving the imaginary part we find

0 = sin y

so

y = πN, N = 0,±1,±2...

Solving the real part, we find

e−x = − cos y

If y is an odd multiple of π then x = 0, but if y is an even muliple of π then no value of x is a
solution. So the final solution set is

x = 0, y = πN, N = ±1± 3...

To show that the singularities z = z0 are simple poles, calculate the residues at z = z0 assuming
they are simple poles and observe that the result is finite and non-zero.

Res(z0) = lim
z→z0

eaz(z − z0)

1 + ez
= eaz0 lim

z→z0

(z − z0)

1 + ez
= eaz0

1

ez0
= eaπiN (−1)

Since this limit is finite and non-zero for all N , the poles are simple and these are indeed the
residues.

B

i

iii

iiiv

R-R

iπ

C

The only singularity inside the contour is z = πi, so the residue is −eaπi and I ′ = −2πieaπi.
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D

I ′ = lim
R→∞

(

∫ R
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+

∫ R+2iπ

R
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+
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R→∞
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eaxdx

1 + ex
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∫ −R

R
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+ 0

)

= (1− ei2πa)I

E

Equating I ′ from (C) and (D),

−2πieaπi = (1− ei2πa)I

Therefore,

I =
π

sin aπ

6


